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Abstract. It was proved by Linares and Ortega in [24] that the linearized Benjamin-Ono 
equation posed on a periodic domain T with a distributed control supported on an arbitrary 
subdomain is exactly controllable and exponentially stabilizable. The aim of this paper is 
to extend those results to the full Benjamin-Ono equation. A feedback law in the form of a 
localized damping is incorporated in the equation. A smoothing effect established with the aid 
of a propagation of regularity property is used to prove the semi-global stabilization in L 2 (T) of 
weak solutions obtained by the method of vanishing viscosity. The local well-posedness and the 
local exponential stability in H S (T) are also established for s > 1/2 by using the contraction 
mapping theorem. Finally, the local exact controllability is derived in H S (T) for s > 1/2 by 
combining the above feedback law with some open loop control. 



1. Introduction 
The Benjamin-Ono (BO) equation can we written as 

Ut + 3iu xx + uu x = 0, 

where u = u(x, t) denotes a real-valued function of the variables i£R and t € R, and "K denotes 
the Hilbert transform defined as 

5£(0 = -*sgn(0fi(0- 

This integro-differential equation models the propagation of internal waves in stratified fluids of 
great depth (see [U[33]) and turns out to be important in other physical situations as well (see 
[9} 1181 [26] ) . Among noticeable properties of this equation we can mention that: (i) it defines a 
Hamiltonian system; (ii) it admits infinitely many conserved quantities (see [6]); (iii) it can be 
solved by an analogue of the inverse scattering method (see [2]); (iv) it admits (multi)soliton 
solutions (see [B]). 

In this paper, we consider the BO equation posed on the periodic domain T = R/(27rZ): 

u t + 3tu xx + uu x = 0, x G T, t G R, (1.1) 
where the Hilbert transform "K is defined now by 

(Ku) k = -isgn(k)u k . 
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The two first conserved quantities are 

-^lOO = / n ( x > t)dx 

and 

I 2 (t) = I u 2 (x,t)dx. 

JT 

From the historical origins [UGS] of the BO equation, involving the behavior of stratified fluids, 
it is natural to think I\ and I2 as expressing conservation of volume (or mass) and energy, 
respectively. 

The Cauchy problem for the equation (jl.ip in the real line has been intensively studied for 
many years ([Ml [TYl [H E21 EH [20l HH1 SSI El HS1 [29l UHl [H]). In the periodic case, there have 
been several recent developments. (See for instance [28, 30, 29J and the references therein.) The 
best known result so far [281 ES] is that the Cauchy problem is well-posed in the space 

Hq(T) = {u G H S (T); u := — [ u(x) dx = 0} 

for s > 0. Moreover, the corresponding solution map (uq —> u) is real analytic from the space 
ifg(T) to the space C([0, T\,H$(T)). 

In this paper we will study the equation (jl.ip from a control point of view with a forcing term 
/ = f(x,t) added to the equation control input: 

u t + J{u xx + uu x = f(x,t), x G T, t G R, (1.2) 

where / is assumed to be supported in a given open set u; C T. The following exact control 
problem and stabilization problem are fundamental in control theory. 

Exact Control Problem: Given an initial state uo and a terminal state u% in a certain 
space, can one find an appropriate control input / so that the equation fll.2|) admits a solution 
u which satisfies u(-,0) = uq and u(-,T) = u\l 

Stabilization Problem: Can one find a feedback law / = Ku so that the resulting closed- 
loop system 

ut + 'ytuxx + uu x = Ku, x G T, t G M + 

is asymptotically stable as t — > +00? 

Those questions were first investigated by Russell and Zhang in [33] for the Korteweg-de Vries 
equation, which serves as a model for propagation of surface waves along a channel: 

u t + u xxx + uu x = f, x G T, t G R. (1.3) 

In their work, in order to keep the mass ii(t) conserved, the control input is chosen to be of the 
form 

f(x,t) = (Gh)(x,t) := a(x) (h(x,t)- J^a(y)h(y,t) dy 

where h is considered as a new control input, and a(x) is a given nonnegative smooth function 
such that {x G T; a(x) > 0} = oj and 

2ir{a] = / a(x)dx = 1. 
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For the chosen a, it is easy to see that 

I u(x,t)dx= j f(x,t)dx = \/t£R 
dt J j Jf 

for any solution u = u(x,t) of the system 

ut + u xxx + uu x = Gh, x £ T, i £ R. (1-4) 

Thus the mass of the system is indeed conserved. 

The control of dispersive nonlinear waves equations on a periodic domain has been extensively 
studied in the last decade: see e.g. [3H 2UJ [23] for the Korteweg-de Vries equation, [27] for 
the Boussinesq system, [32] for the BBM equation, and [HJ [381 Ell Iffl [22] for the nonlinear 
Schrodinger equation. By contrast, the control theory of the BO equation is at its early stage. 
The following results are due to Linares and Ortega [24J. 

Theorem A. [23] Let s > and T > be given. Then for any uq,ui £ H S (T) with [uq] = [ui] 
one can find a control input h G L 2 (0, T, H S (T)) such that the solution of the system 

ut + 'Ku xx = Gh, u(x, 0) = uo(x) (1-5) 

satisfies u(x,T) = u\{x). 

In order to stabilize (|1.5[) . Linares and Ortega employed a simple control law 

h(x,t) = -G*u(x,t). 

The resulting closed-loop system reads 

ut + 'Kuxx = —GG*u. 

Theorem B. [24] Let s > be given. Then there exist some constants C > and A > such 
that for any u$ G H S (T), the solution of 

Ut + 3tu xx = —GG*u, u(x, 0) = uo(x) 

satisfies 

\H;t) - [uo]\\h«(T) < Ce- Xt \\u - [uo]\\ H . m Vt > 0. 

The extension of those results to the full BO equation (|1 .4[) turns out to be a very hard task. 
Indeed, it is by now well known that the contraction principle cannot be used to establish the 
local well-posedness of BO in Hq(T) for s > 0. The method of proof in [28[ [29] used strongly 
Tao's gauge transform, and it is not clear whether this approach can be followed when an 
additional control term is present in the equation. 

For the sake of simplicity, we shall assume from now on that [uo] = 0, so that u(t) has a zero 
mean value for all times. 

To stabilize the BO equation, we consider the following feedback law 

/ = -G(D(Gu)) 

where Duk = \k\iik- Scaling in (11.31) by u gives (at least formally) 

\\\u{T)\\ 2 L2(J) + j T \\D^(Gu)f L2m dt = l\\uo\\ 2 L2(T) . (1.6) 

J 
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This suggests that the energy is dissipated over time. On the other hand, f 1 1 . 6 [) reveals a 
smoothing effect, at least in the region {a > 0}. Using a propagation of regularity property in 
the same vein as in \U\ [2~Tj [22| I23j. we shall prove that the smoothing effect holds everywhere, 
i.e. 

Ilull „ i, , < C(T, lluoll). (1.7) 

Using this smoothing effect and the classical compactness/uniqueness argument, we shall first 
prove that the corresponding closed-loop equation is semi-globally exponentially stable. 



Theorem 1.1. Let R > be given. Then there exist some constants C = C(R) and A = \(R) 

' 



such that for any uq G Hq(T) with \\uq\\ < R, the weak solutions in the sense of vanishing 



viscosity of 

ut + "Ku xx + uu x = —GDGu, u(x,0)=uo(x) (1-8) 

satisfy 

\\u(t)\\ < Ce- Xt \\u \\ Vt>0. 

A weak solution of (|1.8p in the sense of vanishing viscosity is a distributional solution of (|1.8p 

i 

u G C W (M + , Hq(T)) n L 2 oc (IR + , Hq (T)) that may be obtained as a weak limit in a certain space 
of solutions of the BO equation with viscosity 

ut + {'K — e)u xx + uu x = —GDGu, u(x, 0) = uq(x) (1-9) 

as e — > + (see below Definition 12.111 for a precise definition). The issue of the uniqueness of the 
weak solutions in the sense of vanishing viscosity seems challenging. 

Using again the smoothing effect (jl.7p . one can extend (at least locally) the exponential 
stability from i^( T ) to flg(T) for s > 1/2. 

Theorem 1.2. Let s G (~,2]. Then th ere exists p > such that for any uq £ Hq(T) 
with \\uo\\ff S (j-j < p, there exists for all T > a unique solution u(t) of (jl.8p in the class 

C([0,T},H$(T))nL 2 (0,T,H° + ^(T)). Furthermore, there exist some constants C > and A > 
such that 

\\u(t)\\ s < Ce' xt \\u \\ s yt>0. 

Finally, incorporating the same feedback law / = —G(D(Gu)) in the control input to obtain 
a smoothing effect, one can derive an exact controllability result for the full equation as well. 

Theorem 1.3. Let s G (±,2] and T > be given. Then there exists 5 > such that for any 
Uq,ui G Hq(T) satisfying 

\\ u o\\h s (T) ^ ^ ll' u l|lfl' s (T) < $ 

one can find a control input h G L 2 (0,T, H S ~2(T)) such that the system (ll.4j) admits a solution 
u G C([0,T],^(T))nL 2 (0,T,#o + ^(T)) satisfying 

u(x, 0) = uq(x), u(x,T) = u\(x). 
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Note that it would be desirable to have a control input h in the class L 2 (0,T, H S (T)), but 
this will require to adapt the analysis in [28 1 [29] . Note also that a global controllability result 
in Hq(T) would follow from Theorems 11.11 and 11.31 if Theorem 11.31 were also true for s = 0. 

The paper is organized as follows. Section 2 is concerned with the local well-posedness and the 
stability properties of ([1.8)1 . We first prove the global well-posedness of (jl.9l) in the energy space 
flg(T), by using classical energy estimates (Theorem 12. II) . Next, we establish several technical 
properties, namely a commutator estimate (Lemma 12.51) . a propagation of regularity property 
(Propositions 12.71 and 12. 16]) . and a unique continuation property (Proposition 12. 8p that are used 
to derive the exponential stability of ()1.9)) with a decay rate independent of e (Theorem I2.10j) . 
This leads to the proofs of Theorems 11.11 and 11.21 Finally, the control properties of (|l,4p are 
investigated in Section 3. 

2. Stabilization of BO with a localized damping 



2.1. Semi-global exponential stabilization in L 2 (T). 
Pick any function 

a € C°°(T,IR + ) with [a(x)dx = l (2.10) 

Jt 

decomposed as a(x) = X^fcez &k£ %kx ■ 

We are interested in the stability properties of the BO equation with localized damping 

u 2 

u t + Ku xx + (—) x = -G{D{Gu)), «(0) = «o, (2-11) 

where 

IKiifc = -i sgn(k)ii k , D s u k = \k\ s u k , (Gu)(x) = a(x)(u(x) - / a(y)u{y)dy). (2.12) 

Jt 

We shall assume that uq £ Hq(T), where for any s£l, 

H^(T) = {u = Y,Uk<? kx 6 H S (T); u = 0}. 

kez 

Let (u,v) = Jju(x)v(x)dx denote the usual scalar product in L 2 (T) with [|u|| = |M|l2(t) as 

associated norm, and for any s G R, let (u,v) s = ((1 — d 2 )zu,(l — d x )2v) denote the scalar 

i 1 
product in H S (T) with corresponding norm [|it|| a = (u, u)i . Let (x) := (1 + \x\ 2 ) 2 for any 

Note that for s < and u G H S (T), Gu has to be understood as 

Gu = a(u- (u, a)// s (T),H- s (T)) • 
Assuming that uq G HS(T), we obtain (formally) by scaling in (|2.1ip by u that 

l -\\u{T)\\ 2 + £ \\D^{Gu)\\ 2 dt = \\\uo\\ 2 . (2.13) 

This suggests that the energy is dissipated over time. On the other hand, fl2. 13f) reveals a 
smoothing effect, at least in the region {a > 0}. Using a propagation of regularity property in 
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the same vein as in [TH [2TJ [22j [23] , we shall prove that the smoothing effect holds everywhere, 
i.e. 

u G L 2 (0,T;#5(T)). (2.14) 

Of course, a rigorous derivation of f|2.13j) requires enough regularity for u, e.g. 

u G L 2 {Q,T,H l {T)) flC([0,T]X(T)). (2.15) 

As there is a gap between (|2.14j) and (|2.15p . we are let to put some artificial viscosity in (|2.1ip 
(parabolic regularization method) to derive in a rigorous way the energy identity for the e— BO 
equation 

u t + "Ku xx + uu x = eu xx - G(D(Gu)), u(0) = u Q . (2.16) 

We shall prove the global well-posedness (GWP) of (12.16j) in Hq, together with the semi-global 
exponential stability in Hq with a decay rate uniform in e > 0. Letting e — )■ 0, this will give the 
semi-global exponential stability in H® of the weak solutions u G C w ([0, +oo), H® (T)) of (|2.1ip 
obtained as limits of the (strong) solutions of (|2. 16|) . The (difficult) issue of the uniqueness of 
a weak solution to ()2.11|) will not be addressed here. 
We first establish the GWP of ([2~16]) . 

Theorem 2.1. Let e > and u G H$(T). Then for any T > there exists a unique solution 
u G C([0,T], Hq(T)) n L 2 (0,T; i? 1 (T)) of (j2~16|) . Moreover 

u G C((0,T], J ff 2 (T))nC 1 ((0,T],F 1 (T)), (2.17) 

and /or any t > 

I|Hi)|| 2 + e r||^(T)|| 2 dr+ /' t || J D | (Gu)(r)|| 2 o!r=i||no|| 2 . (2.18) 

Proof: The proof of Theorem 12.11 is divided into five parts. Note that the weak smoothing 
effect (I2.14h will be established later, as it is not needed here. 

Step 1. Linear Theory 
We consider the linear system 

ut + {K - e)u xx + G(D(Gu)) = 0, u(0) = u . 

Let Au = (Oi - e)u xx with domain D(A) = H$(T) C H$(T), and Bu = G{D{Gu)). Clearly 
G G L(H r (T),H r (T)) for all r G R, hence B G £(flJ(T),fl§(T)). Let 9 Q G (arctan e~\ vr/2). 
Then, for #o < |arg A| < tt, we have 

||(4 -A)" 1 !! <sup|(e + isgn A;)fc 2 — A| 1 < ~ 
fc^o |A| 

It follows that A is a sectorial operator (see [15[ Definition 1.3.1]) in H®(T). Note that o~{A) = 
{(e + zsgn fc)/c 2 ; G Z*}. Therefore, Re 0"(j4) > e and ^4 _a is meaningful for all a > 0. Since 
for all s > 

II^^IIh^t) < \ £ + ^sgn k\~ s \u k \ 2 < C||7i||| 2 ( T ) 

fc^o 
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we infer that BA~? G (T)). It follows from [HI Corollary 1.4.5] that the operator A := 

A + B is also sectorial, so that —A generates an analytic semigroup (S(^)) t>0 = ( e ~ tA )t>0 on 
iZ§(T) according to [El Theorem 1.3.4]. Note that, by [El Theorem 1.4.8], D((A + B + \) a ) = 
D(A a ) = HQ a (T) for all a > and A > large enough, hence 

S(t)fljJ(T) C #o( T ), Vt > 0, Vs > 0. 
Let us derive estimates for the solutions of the Cauchy problem 

u t + Au = f, «(0)=«o. (2.19) 

For any T > and any s G N, let 

y s , T = C([0,r];H s (T))nL 2 (0,T;^ +1 (T)) (2.20) 
be endowed with the norm 

IMIn.T = \\ u \\l°°(0,T;H°(T)) + II' u IIl 2 (0,T;H s + 1 (T))- ( 2 -21) 

Lemma 2.2. We have for some constant Co = Cq(e, s, T) 

\\u\\y 3>t < C (||«o||s + ||/IUi(o,T,H«(T))) > 
u denoting the mild solution of (|2. 19[) associated with (uo,f) G Hq(T) x L 1 (0, T, Hq(T)). 
Proof of Lemma \2.2l It is well known from classical semigroup theory that 

II u IIl°°(0,T,H s (T)) < C (Ikolls + ||/||n(0,T,H*(T))) • 

Next we estimate 1 1 it || £,2 (o,r, JT a + 1 (T)) - We first assume uq G i?Q +2 (T) and / G C([0, T]; //q +2 (T)), 
so that u G C([0,T];F^ +2 (T)) n C 1 ([0, T];Hq(T)). Taking the scalar product of each term of 
([2701 by u in # S (T) results in 

hu(t)\\ 2 s +e f \\ Ux \\ 2 s dT+ [ (G(D(Gu)),u) s dT = huo\\ 2 s + f\f,u) s dT. (2.22) 
^ Jo Jo 1 Jo 

The identity ([23511 is also true for u G J3"5(T) and / G L 1 (0, T, i?o(T)), by density. The 
following claim is needed. 

Claim 1. For any s£l, there exists a constant C = C(s) > such that 

-(G(D(Gu)),u) s < C\\u\\ 2 s - HZ^Gu)!! 2 Vu G H^\j). 
Proof of Claim 1. We have 

(G(D(Gu)),u) s = ((l-d 2 x )lG(D(Gu)),(l-d 2 x )iu) 
= [[(l-d 2 x )i,G]D(Gu),(l-d 2 x )?u) 

+{G{l-d 2 x )iD(Gu),{l-d 2 x )iu) 
=: h+h- 
Since a G C°°(T), we easily obtain that 

||[(l-d 2 )i,GH<CN| s _i. 

It follows that 

\h\<C\\u\\ 2 . 
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On the other hand 

h = {{l-dl)iD{Gu),G{l-dl)iu) 

= ||(1 - dl)i Di{Gu)\\ 2 + ((1 - dl)HGu),D[G, (1 - dl)i]u), 

hence 

-h<C\\u\\ 2 s -\\D^(Gu)\\l 

The claim is proved. 

Combining Claim 1 with (|2.22p . we obtain that for t = T 

-\\ u (T)\\ 2 + ej \\u x (r)\\ 2 dr + J \\D* (Gu)\\*dT 

1 2 2 1 2 ^ 2 

< 2 ll n o|| s + C\\u\\ L 2(q jT ,H<>(T)) + 2 ll U Hl' oo (0,T,H s (T)) + 2 "L 1 (P,T,H"(T)) 

< C (\\u \\ 2 s + ||/||ii(o,T,H«(T)))" 

The proof of Lemma 12.21 is achieved. □ 
Remark 2.3. We observe that when uq = in (|2.19p then 

|| f §,(t-T)f(T)dr\\ Y ^ T <C(e,s,T)\\f\\ Ll{0 ^ H s m) , (2.23) 
J 

and «;/ien / = in (|2.19|) 

||S(*)«o||y. lT < C(e,s,T)\\u \\ H s m . (2.24) 

Step 2. Local Well-posedness in H$(T), s > 
We prove the following 

Proposition 2.4. Zei s > 0. For any uq E ^fg(T), there exists some T > suc/i i/iai i/ie 
problem (12. 16H admits a unique solution u G 5"s,t- 

Proof. Write (|2.16p in its integral form 

1i(t) = S(t)no — / §(t — T)(uU x )(T)dT 



where the spatial variable is suppressed throughout. For given uq S Hq(T), let r > and T > 
be constants to be determined. Define a map V on the closed ball 

B={v£ Y S)T ; \\v\\y sT < r) 

of Y~ Si t by 

T{v){t) = §(t)u -I S(i - t){vv x ){t) dr. 



We aim to prove that V contracts in B for T small enough and r conveniently chosen. To that 
end, we shall prove the following estimates 

||I»||y SiT < Co|M|. + CxTl\\v\\ 2 YsT , VdGB, (2.25) 

||iV)-iV)lk, T < c 1 t 1 *(\\v 1 \\ y „ + \\v 2 \\ Ys , T )\\v x -v 2 \\ YsX wVes. (2.26) 
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From Lemma 12.21 and Remark 12.31 it is adduced that 
||r(V) -T(v 2 )\\ Ys:T < C\\v l vl-v 2 vl\\ L i { ^ H s (J)) 



< C (Wv 1 -v^Il^Wv 1 +v 2 \\ a+ i + \\v 1 +V 2 \\ L co\\ V 1 -V 2 \\ 8+1 )dT 

Jo 



< crr^ 1 -v 2 \\ Y ., T {h 1 \\Y., T + \\v l \\Y., T ) 

where we used the fact that 

/ IMIxoodi < C I \\v\\\\\v\\dt < C , VT||u|| i oc,(o j T ) L2(T))||u||i2(o ) T,ii-i(T))- 

Jo Jo 

This yields ([2T26]) . (12351) follows from Lemma Remark O and (^26]) . Choosing r > and 
T > so that 

r = 2C \\u \\ s , 



i . (2.27) 



we obtain that 



|rV)||y SiT < r, ||r(^) - r(t; 2 )|| ys , T < I^ 1 - v 2 \\ Yai 



for any f 1 ,!; 2 £ 5. Thus, with this choice of r and T, T is a contraction in 1?. Its fixed-point is 
the unique solution of (|2. 16[) in B. 

Step 3. Global Well-Posedness in H^(T). 

Assume that u <G H$(T). We first establish ([2TT8D for < t < T. Since u £ Y 0>t , we have that 



nt nt 

I WuUxW^dr < C I \\u 2 \\ 2 dT 
Jo Jo 



t 

3| 



< C Hiilnliizll dr 

Jo 

< cVi\\uf Y0!t . 

Thus each term in (|2.16p belongs to L 2 (0, t, i7 _1 (T)). Scaling in (|2.16j) by u yields 

/ (u t + (IK - e)u xx + uu x + G(D(Gu)),u) H -im tH imdT = 0. 
Jo 

We have that for a.e. r E (0, t) 

((!K - e)u xx ,u) H -i(T) )H i( T ) = -((IK - e)u x ,u x ) = e||n x || 2 , 
(uUs,u)ff-i(T),fl-i(T) = (uu x ,u) = 0, 

(G(D(G«)),«>h-i(t),hi(t) = (G(D(G«)),«) = ||I^(G%)|| 2 . 

([2.18p follows at once, and we infer that ||ii(i)|| < 1 1 t*o 1 1 - Using the standard extension argument, 
one sees that u is defined on M + with u S Yo,T for all T > 0. Furthermore, with the constants 
Co and C\ given in Step 2 for s = and T = (8C0C1 ||uo||)~ 4 , we obtain 

\\u(nT + -)\\ YoT < 2C \\u(nT)\\ < 2C \\u \\. 
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Step 4. Global Well-Posedness in Hq(T). 

Pick any u G H$(T). By Proposition E3] and Step 3, (12T61) admits a unique solution u G Yq t 
for each T > 0, which belongs to l2,T for some To > 0. We just need to show that To may be 
taken as large as desired. Let v = ut- If u G Y^t, then v G lo,T and it satisfies 

v t + (5C - e)v xx + (uv) x = -G(D(Gv)), v(0) = v (2.28) 

where 

v := - {(5C- e)u , ra + uouo,* + G(£>(G«o))} G # °(T). 
We may write (12.280 in its integral form 

v(t) = §>(t)vQ — / §(i — s)(w) x (s)ds. 
./o 

Let T(w)(t) = §(t)vo — Jq §(t — s)(uw) x (s)ds for w G ^o,T- Computations similar to those in 
Step 2 lead to 

||rw||y 0>T < Cb[|uo|| + CiT3[|^[|y 0jT [|io[|y 0iT , 

yr^ 1 ) - r(w 2 )||y 0T < CiT^WuWyq^Ww 1 - w 2 \\ YOtT 

where the constants Co and C\ depend only on e for T < 1. Therefore T contracts in B = {w G 
Yo,e] ||HI*o« < r := 2Co||wo||} ; provided that 

Cl^||u||y M < -• 

Its fixed point gives the unique solution of the integral equation in B. Pick 9 fulfilling 

0<min{(8C o C 1 ||no||)- 4 ,l}. 

Then, from Step 2, we have that 

\Hn9 + -)\\Y 0>e < 2Co|KI| 

for all n G N and that w may be extended to [n0, (n + 1)9] inductively by using the contraction 
mapping theorem (replacing vq by w(9), w(29), etc.). Therefore, w is defined on M + and it holds 

\\w(n9 + .)||y 0i9 < 2C \\w(n9)\\ < (2C ) n+1 \\v \\. (2.29) 

By uniqueness of the solution of the integral equation, we have that v(t) = w(t) as long as 
< t < T and v G Yo,T- f)2.29|) shows that ||v(£)|| = ||w(i)|| is uniformly bounded on compact 
sets of R + , namely 

\\v\\y 0iT < C(T, [|ito[|)||wo||- 
The same is true for ||tt(t)||2, by fl2. 16f) . Indeed, since 

\\UU X \\ < \\u\\ L oo(x)\\u x \\ < [|n[|*||«asc|| 3 < QII^H 5 + #||«ss[|, 

we infer from (|2.16p that 

- e)u xx (t)\\ < C(T, ||«o||)||«o||a + C(NI + ||u|| 5 ) + 5\\u xx \\ 

hence 

||«(t)|| 2 <c(r,||«o||)||«o||2. 
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Using the standard extension argument, one sees that u(t) G Hq(T) for all t > with u G l2,T 
for all T > 0. 

Step 5. Smoothing effect from Hq(T) to Hq(T). 

Pick any u G Hq (T). Then the solution it to (|2.16p belongs to Yo,i- Therefore, for a.e. to G (0, 1), 
u(to) G i^o(T). The solution of (|2.16p in Y^y issued from u(to) at t = must coincide with 
n(to + 1) in [0,T], by uniqueness of the solution of (12.16P in lo,r- In particular, u(t\) G ^q(T) 
for a.e. t\ > to. Again by uniqueness we conclude that u G C([ti, +oo), LLj (T)) for a.e. t\ > 0, 
so that 

u G C((0, +oo), Hq(T)) n ^((0, +oo), F °(T)). 

The proof of Theorem 12.11 is complete. □ 
The following commutator lemma, used several times in the proof of the property of propa- 
gation of regularity, is a periodic version of a result from [10J. 

Lemma 2.5. Let N C Z be a set such that for some constant C > 

{n) + {k) <C{n-k), Vn G" N, V&; G X. (2.30) 

Let P 6e t/ie projector on the closure of Span{e lkx ; k G X} in L 2 (T), namely 

P(J2^e ikx ) = Y,^ elkX - 

Let a G C°°(T) anc? Ze£ p G N, g G N. Then there exists some constant C = C(a,p,q) > such 
that for allv G L 2 (T) 

%[a,P]d*v\\<C\\v\\. (2.31) 



Remark 2.6. iVofe that condition (I2.30H is fulfilled in the following cases: (i) Ji = N*; (ii) 
3M is a finite set, or the complement of a finite set in Z. It follows that (]2.3ip is true with 
P = !K = (—i)(Ps* — P-n*)- Note, however, that condition (I2.30P and (|2.3ip are not true when 
X = 1 + 2Z (pick e.g. a(x) = e ix ). 

Proof of Lemma \2.5[ Let N,a,p and q be as in the statement of the lemma, and pick any 
v G C°°(T). Decompose a and u in using Fourier series 

v(x) = ^2v n e mx , a = ^2a n e 

and denote by 1^ the characteristic function of N, defined by l^(n) = 1 if n G CNT, and 
otherwise. Then 

[a,P]« = a(Pu)-P(ou) 

r/( > J.vi,/>)/- !l e' ,Mf ) -WVfVa^itje" 11 ) 



»(X)lw(n)^e <M )-P(X;(E a »- 

n n k 

^2 [ ^2 a n-kVk(iy~s(k) - l>f(n)) I e* 
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Taking derivatives, one obtains 

d^[a,P]d x v = J] ( ^a n - k (ikyv k (lx(k) - l>r(n)) J (in)V^ =: Ei - E 2 

where Ei (resp. E2) is the sum over the (n, k) with n G" INT and A; G X (resp. with n G N and 
fc ^ H). Let us estimate Ei only, the estimate for E2 being similar. Since a G C°°(T), for any 
s G N there exists some constant C s > such that 

N < C s (0" s V/ G Z. (2.32) 

Then, for s > sup{2p + 1, 2q + 1}, 

ll S l|l|2(T) = \\J2(J2 & n-^ k (ik) q (in) P )e inX \\l 2(J) 

2 



n<ZN 



\n\ 2 v 



< c\\v\\ 2 j2^ n - k ^ 2 >\ 2p ^ 2q 

< ci^ii 2 EE(( n ) + w)" 2s N 2p i fc i 29 



< C||u 



|2 



where we used the Cauchy-Schwarz inequality, (|2.32p and (|2.30[) . Since C°°(T) is dense in L 2 (T), 
the proof is complete. □ 
The propagation of regularity property we need is as follows. 

Proposition 2.7. Let a G C°°(T,M + ), e > 0, a G R, T > 0, and R > be given. Pick any 
v G flg(T) with \\v \\ < R and let v G C([0,T]; H$(T)) n L 2 (0,T, H 1 (T)) n C((0,T], H 2 (T)) be 
such that 

vt + (JK — e)v xx + avv x = —G(D(Gv)), x G T, t € (Q,T) (2.33) 
u(0) = vq. (2.34) 

T/ien i/iere exists some constant C = C(T) > (independent of e, a and R) such that 

\\D^v\\ 2 dt<C(R 2 + a 4 R 6 ). (2.35) 



Proof of Proposition \2. 7| Pick any to G (0, T). Let (f,g) L 2 := J T f(x,t)g(x,t) dxdt denote 

the scalar product in L 2 (to, T, L 2 (T)). C will denote a constant which may vary from line 
to line, and which may depend on T, but not on £0, e, a and R. Setting Lv := vt + "Kv X x, 
f := ev xx — G(D(Gv)) and g := —avv x , we have that 

Lv = f + g. 
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Pick any ip E C°°(T), and set Av = <p(x)v. Noticing that L is formally skew-adjoint, we have 
that 



{[L,A]v,v) L 2 x = {L(tpv) - ip{Lv),v) L 2 x 

= (<pv, L*v) L 2 x + [(<pv, v)]J - (Lv, <pv) L a a 

so that 

\([L,A]v,v) L 2 j < 2\(f + g,ipv) L 2 j + 2\\ip\\ Loom R 2 . 

We first notice that 

K/'^i^J - \( v *> £ (w)x)i$J + \(D(Gv)>G(<Pv))i$J 

< Ce f [ (\v\ 2 + \v x \ 2 )dt + C C \\D\{Gv)\\ 2 dt 
Jo Jt Jo 

+ / {\(D(Gv),[G, i p]v)\ + \(D 1 2(Gv),[D 1 2^](Gv))\}dr 

CR 2 



o 



where we used (|2.18p and classical commutator estimates. (Note that Theorem 12.11 is still true 
when a = 1 is replaced by any value a£l) On the other hand 

\{g,ipv) L 2j = \(avv x ,tpv) L 2j = —\{v ,^)i|J- 

From Sobolev embedding and the fact that the L 2 — norm is nonincreasing 

In n 1 In n 1 

IMIl3 < \\v\\2 \\v\\i 6 < CR2\\v\\l- 



Therefore, 



\{.9,Vv) L 2 | < C\a\ \ \vf hZ dt 
J to 



< c\a\rn:n ( f \\v\\ldt 
T i 

< C5- i a l R b T + 5 I Wivfdt 



t 



where 5 > will be chosen later on. On the other hand 



[L,A)v = [Xd 2 x ,ip]v 

= H((a%<p)v + 2(d x <p)(d x v) + ipd 2 v) - ip'Kdlv 

= [K, tp]8%v + %((6%tp)v) + 2[%, d x ip}d x v + 2{d x tp)'Kd x v . (2.36) 
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It follows from Lemma 12.51 and Remark 12.61 that 

\([X^]d 2 x v,v) L2 J + \(md^)v),v) L2t J + \([X,dMd x v,v) L2t: 



< 



C|Mlz, 2 (0,T;L 2 (T)) 



< CR 2 . (2.37) 

Therefore 

\(d x <pHd x v,v) L * \<C(R 2 + 5- 3 a A R 6 ) + 5 [ \\D*v\\ 2 dt. 

t,x Jto 
Let b G Cg°(w), where w = {x G T; a(x) > 0}. Then b = ab with 6 G Cg°(w) and 

' T ||D3(6u)|| 2 <i4 < 2 j T {\\[D\,b](av)\\ 2 + \\bD^{av)\\ 2 )dt 



to J to 

T 

2 , II nif„„.M^ 



< C (\\v\\ 2 + \\DHav)\\ 2 )dt 



to 

T 



< C (\\vf + \\D 1 2(Gv)f + \\D 1 2af\ a(y)v(y,t) dy\ 2 )dt 



< CR 2 . (2.38) 

Pick any x G T. Then b 2 (x) - b 2 (x - xq) = d x <p for some <p G C°°(T). Noticing that "Kd x = D, 
we have that 

\(b\x)3id x v,v) L 2j = \(bDv,bv) L lJ 

< \([b,D]v,bv) Ll J + \(D(bv),bv) Ll J 

< C\\v\\l 2(0)T . L2{T)) + f \\D\{bv)\\ 2 dt 

< CR 2 

by ([235]) . It follows that 

\(b 2 (x- x )Dv,v) L 2 \<C(R 2 + 5~ 3 a A R 6 ) + 5 [ \\D^v\\ 2 dt. 

*' x Jto 

Using a partition of unity and choosing 5 > small enough, we infer that 

f-T 



\(Dv,v) L 2 I <C{R 2 + a 4 R 6 ) + - [ \\D^vfdt. 
*•" 2 J tQ 

This gives 

[ T \\D^v\\ 2 dt <C(R 2 + a A R 6 ), 
Jto 

where C = C(T). Letting t — > yields the result. □ 
A unique continuation property is also required. 
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Proposition 2.8. Let a G M, e > 0, c G L 2 (0,T), and u G L 2 (0, T; F£(T)) be such that 

u t + CK- e)u xx + auu x = in T x (0, T), (2.39) 
u(x,t) = c(t) /or a.e. (x,t) G (a, 6) x (0,T) (2.40) 
/or some numbers T > and < a < o < 2tt. T/ien u(x,t) = /or a.e. (x,i) £fx (0, T). 

Proof. From (I2.40|) . we obtain that u xx (x,t) = (uu x )(x,t) = for a.e. (x,t) G (a, 6) x (0, T). 
Thus, by using (1239]) . 

JCu xx = -Ut = -ct in (a, 6) x (0,T). 
Therefore, for almost every i G (0, T), it holds 

«* M (-,t) Gff- 3 (T), (2.41) 

u xxx (-,t) = in (a, 6), (2.42) 

Wu xxx (;t) =0 in (a, 6). (2.43) 
Pick a time t as above, and set v = u xxx {-,t). Decompose v as 

the convergence of the Fourier series being in if~ 3 (T). Then in (a, b) 

Q = iv - •Kv = 2i^v k e ikx . 

k>0 

Since v is real-valued, we also have that v-k = Vk for all k. The following lemma for Fourier 
series is needed. 

Lemma 2.9. Let s£l and let v(x) = J2k>o be such that v G H S (Y) and v = in (a, b). 

Then v = 0. 

Proof of Lemma \2.9l It is clearly sufficient to prove the property for s = —p, where p G N. Let 
us proceed by induction on p. Assume first that p = 0. Then 

^|%| 2 <oo. (2.44) 

fc>0 

Introduce the set U = {z G C; \z\ < 1} and the Hardy space (see e.g. [35] ) 

\f{re ie )\ 2 d0 < oo} 

Let f(z) = Y.k>oVkZ k . Then, by 03, Thm 17.10] and (gUfl , we have that / G H 2 (C/). On the 
other hand, bv ~[35] Thm 17.10 and Thm 17.18], it holds that 

/*(e ie ) := lim /(re* e ) exists for a.e. 9 G (0,2vr); (2.45) 
r— tl~ 



/*(e' e ) = J> e ^ = m L 2 (T); (2.46) 

fe>0 

If/^0, then f*(e id ) / for a.e. 6 G (0,2vr). (2.47) 
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Since 

f*(e ie ) = v(6) = for a.e. 6 G (a, b), 

it follows from (|2.47p that / = 0. Therefore = for all k > 0, hence t> = 0. This gives the 
result for p = 0. Assume now that the result has been proved for s = —p for some p G N, and 
pick any f G #~ p-1 (T), decomposed as = X)fc>o^& e , and such that v = in (a, 6). Let 

™0) = Efc> % le<fcB - Then w e #~ P ( T ) and 

w x = J2vk-ie ikx = e ix v, 

k>0 

so w x = on (a, 6) and we have, for some constant C G C, 

= C on (a, 6). (2.48) 

Introducing the function to (a;) = w(x) — C, we infer from (|2.48[) and the induction hypothesis 
that w = on T, which yields u = on T. This completes the proof of Lemma 12.91 □ 
With Lemma 12.91 W6 infer that for a.e. t £ (0,X 1 ), v>xxx 

(.,t) = in T, hence with (|2~I0"1) 
m(x, t) = c(i) a.e. in T x (0, T). From (|2.39p we infer that q = 0, which, combined with the fact 
that u £ L 2 (0,T; ##(¥)), gives that u(x,t) = a.e. in T x (0,T). The proof of Proposition ESI 
is complete. □ 
We are now in a position to state a stabilization result for the e-BO equation. We stress that 
the decay rate does not depend on e. 

Theorem 2.10. Let R > 0. There exist some numbers A > and C > such that for any 
e G (0, 1] and any Uq G Hq(T) with \\uq\\ < R, the solution u of (|2.16j) satisfies 

\\u(t)\\ <Ce- xt \\u \\ Vt>0. 

Proof. Note that ||w(i)|| is nonincreasing by (|2.18p . so that the exponential decay is ensured if 
||u((n + 1)T)|| < K||zt(nT)|| for some k < 1. To prove the theorem, it is thus sufficient (with 
(|2.18p ) to establish the following observability inequality: for any T > and any R > there 
exists some constant C(T, R) > such that for any e G (0, 1] and any uq G Hq(T) with ||uo|| < R, 
it holds 

||«o|| 2 <C'^ \\u x (t)\\ 2 dt + J \\D^{Gu)\\ 2 dt^j , (2.49) 

where u denotes the solution of ()2.16p . Fix any T > and any R > 0, and assume that (|2,49p 
fails. Then there exist a sequence (v,q) in Hq(T) and a sequence (e n ) in (0, 1] such that for each 
n we have ||uq|| < R, and 

||n^|| 2 > n (e n £ ' \\u n x {t)\\ 2 dt + £ \\D^(Gu n )fdt \ . 

Let a n = \\uq\\ G (0, R]. Extracting a sequence if needed, we may assume that a n — > a G [0, R] 
and e n — > e G [0,1]. Let v n = u n /a n . Then v n solves 

v? + (K-e n )v% x + a n v n v% = -G(D(Gv n )), v n (0) = v% (2.50) 
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with Vq G Hq(T) and ||uq|| = 1. Again, we have that 



h\v n (t)\\ 2 + e n [ \K\\ 2 dT+ [ \\D-2(Gv n )\\ 2 dT = \\\vl\\ 2 Vi>0, (2.51) 
^ Jo Jo 2 

1 = H^ll 2 > „ (s n [ \\v™(t)\\ 2 dt + [ \\D^(Gv n )\\ 2 dt] . (2.52) 



Jo 



We infer from Proposition 12.71 that 



T 



i 



D2 V n \\ 2 dt < C. (2.53) 



This yields 
On the other hand, for any 5 > 



\\G(D(Gv n ))\\ i + IKJt-eKJI a < C. 



lbXII H -3., (T) < c\\(v n y\\ H _ h _ S(T) < c\\(v n r\\ LHT) < c\\v n \\ 2 < c 

thus 

" x "L 2 (0,T;^"5" 4 (T)) — 

It follows that (vf) is bounded in L 2 (0, T; i7 _ l _5 (T)). Combined with (pT53l) and Aubin-Lions' 
lemma, this gives that for a subsequence still denoted by (v n ), we have 

v n ^v in L 2 {0,T;H a {T)) Va < -, 

w n ^t; in L 2 (0,T;iJ2(T)) weak, 
v n ^w in L°°(0,T;L 2 (T)) weak* 

for some function v G L 2 (0, T; #| (T)) n L°°(0, T; L 2 (T)). In particular, 

{v n f^v 2 in L X (T x (0,T)). 

Letting n — )• oo in (|2.52p . we obtain that 

T i 
\\D2(Gv)\\ 2 dt = 0, 

hence Gv = a.e. on T x (0,T). Recall that oj = {x G T; a(x) > 0}. Then 

v(x,t) = / a(y)v(y,t) dy =: c(t) for a.e. (x, i) G oj X (0, T). 
Jt 

Note that c G L°°(0,T). Taking the limit in (j23U|) gives 

' v t + (5£ - e) Uxx + cra^ = 0, in T x (0, T), 

v(x,t) = c(t) for a.e. (i,t) £wx (0, T) . 

It follows from Proposition 12. 81 that v = 0. Thus, extracting a subsequence still denoted by (v n ), 
we have that v n (-,t) -+ in L 2 (T) for a.e. t G (0,T). Using (p3B - (f232l . we infer that uft -»• 
in L 2 (T). This contradicts the fact that \\vq\\ = 1 for all n. □ 



18 FELIPE LINARES AND LIONEL ROSIER 

We are now in a position to define the weak solutions of (I2.1ip obtained by the method of 
vanishing viscosity, and to state the corresponding exponential stability property. 

Definition 2.11. For uq G Hq(T), we call a weak solution of (|2.1ip in the sense of vanishing 
viscosity any function u G C W (M + , Hq (T)) with u G L 2 (0, T, (T)) for all T > which solves 
(|2.1ip (in the distributional sense) and such that for some sequence e n \ we have for allT > 

u n -> u in L°°(0,T,H$(T)) weak*, 

u n u in L 2 (0,T,#|(T)) weak 

where u n solves ()2. 16[) /or e = e n . 

The main result in this section is the following 

Theorem 2.12. For any uq G Hq(T) there exists (at least) one weak solution of (|2.1ip in the 

sense of vanishing viscosity. On the other hand, for all R > there exist some positive constants 
A = X(R) and C = C(R) such that for any weak solution u(t) of (|2.1ip in the sense of vanishing 
viscosity, it holds 

\\u(t)\\ < Ce~ A *||Mo|| Vt > (2.54) 

whenever \\uq\\ < R. 

Proof. Pick R > and uq G Hq(T) with ||tto|| < R- Pick any sequence e n \ and let ti n (i) 
denote the solution of 

+ - e n K x + u n < = -G(£>Gu n ), n n (0)=u . (2.55) 
It follows from fllTTKl) and (12351 that 

\\ un \\ L°° (0,T,H°(T)) - 

\\u n \\ i <C(T,R). 

L 2 (0,T,H^{T)) 

Using a diagonal process, we obtain that for a subsequence, still denoted by (u n ), we have for 
all T > 

u n ^u inL°°(0,r,flg(T)) weak*, (2.56) 

n n ^n in L 2 (0, T, f| (T)) weak (2.57) 

i 

for some function u G L°°(IR + , //q (T)) n L 2 oc (M + , iT 2 (T)). The same argument as in the proof 

of Theorem EE] shows that {u?} is bounded in L 2 (0, T; H~^~ S (Y)) for all 5 > 0. Combined 
with (|2.56p - (|2.57|) and Aubin-Lions' lemma, this shows that 

u n -»• u in L 2 (T x (0,T)) and in C([0, T], H^ S (T)) 

for all T > and all S > 0. On the other hand, u G C([0, T], fT _5 (T)) for all T > and all 5 > 0, 
which, combined to (12361) . yields u G C W (R + ,H$(T)) (the space of weakly continuous functions 
from R" 1 " to Hq(T)). By letting n — > oo in (|2.55|) . we see that u solves (|2.1ip . Thus u is a weak 
solution of (|2.1ip in the sense of vanishing viscosity. On the other hand, from Theorem 12. 101 we 
have that 

< Ce- Xt \\u \\, Vt > 0, Vn > 0. 
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where C = C(R), A = X(R). Letting n — > oo in the above estimate yields (|2.54p . Note 
also that ||it(t)|| < ||^o|| for an t > 0, since the same estimate holds for the u n, s and u G 
C W (R+,H°(T)). □ 

2.2. Local stabilization in flg(T). 

2.2.1. Main results. Let again a and G be as in (|2.10p and (I2.12|) . respectively. For s > and 
T > 0, let 

Z SiT = C([0,T],iT Q s (T)) nL 2 (0,T,# s4 %)) (2.58) 
be endowed with the norm 

\Hz StT = ||«||l«»(o,t > h«ct)) + \\v\\ L2{0 ^ HS+ i m) - 

We are concerned here with the stability properties of the BO equation with localized damping 
(|2.1ip in the space Hq(T) for s > 0. Our first aim is to prove the local well-posedness of (|2,lip 
in HjtfT) for s > 1/2. 

Theorem 2.13. Let s E (f,2]. Then there exists p > such that for any u$ E iJg(T) wit/i 
||uo|| s < /?, i/iere exists some time T > suc/i i/iai (|2.1ip admits a unique solution in the space 
Z s ,t- 

The proof of Theorem 12.131 rests on the smoothing effect due to the damping term, namely 

" T || e -*(^+ GDG ) U o||idi < CH^oll 2 - (2.59) 
o 2 

In |37j . the semi-global exponential stability of the Korteweg-de Vries on a bounded domain 
(0, L) with a localized damping was first established in L 2 (0,L), and next extended to {u G 
-ff 3 (0,L); u(0) = n(L) = u x (L) = 0} by using the Kato smoothing effect in the equation 
fulfilled by the time derivative of the solution. As the smoothing effect (I2.59P is much weaker, 
that argument cannot be used. The semi-global exponential stability of (12.1ip in Hq(T), if true, 
is thus open. However, a local exponential stability in Hq(T) for s > 1/2 can be derived. 

Theorem 2.14. Let s G (fj2]. Then there exist some numbers p > 0, A > and C > such 
that for any uq £ Hq(T) with ||uo|| s < p, there is a (unique) solution u : M + — > Hq(T) of (|2,11D 
with u £ Z s ^t for allT > and such that 

\\u(t)\\ s <Ce- xt \\u \\ s Vi>0. (2.60) 



The proofs of Theorem 12.131 and Theorem 12.141 are given in the next sections. 

2.2.2. Linear Theory. In this section, we focus on the well-posedness and the smoothing property 
of the linearized BO equation with localized damping: 

u t + , Ku xx + GDGu = 0, u(0) = u . (2.61) 

Let s G R and let Au = -(3{u xx + GDGu) with domain D(A) = H° +2 (T) C flg(T). Our first 
result is the 
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Lemma 2.15. A generates a continuous semigroup in Hq(T), denoted by (S(t))t>o- 

Proof. Let C = C(s) be the constant in Claim 1. Clearly, A — C is a densely defined closed 
operator in Hq(T). Furthermore, by Claim 1, 

(Au-Cu,u) s < -\\D^(Gu)\\l VuG ^ +2 (T), 

which shows that A- C is dissipative. It is easily verified that D(A*) = D(A) = Hq +2 (T). Thus 

(A*u-Cu,u) s = {u,Au - Cu) s < Vu G H° +2 (T), 

so that A* — C is dissipative too. Thus, A — C generates a semigroup of contractions in Hq(T) 
by [351 Cor. 4.4, p. 15]. □ 
Now we turn our attention to the smoothing effect. 

Proposition 2.16. Let s > 0, v G flg(T) and g G L 2 (0, T, i/g~^ (T)). T/iera i/ie solution v of 

v t + Kv xx + GDGv = g, v(0) = v (2.62) 

satisfies v G with 

\\v\\z„ T < C(s,T) (\\vo\\ s + IM| r2 _ s _i, T J , (2.63) 



'L 2 (0,T,H S "2(T)) 



C(s,T) being nondecreasing in T. 



Proof. Let us assume first that s = 0. To have enough regularity in the computations, we 
assume that f;o G H 2 (T) and that g G C([0,T], Hq(T)), so that the solution v of (|2.62p satisfies 
v G C([0,T],^(T)) n C^O,! 1 ], We now proceed as in the proof of Proposition EH 

We set Lv = v t + Mv xx , f = -GDGv, so that Lv = f + g. Pick any if G C°°(T), and let 
Av = ip(x)v. Then 

([L, A]v, v) dt\ < 2| / (f + g,ipv)dt\ + \\<p\\ L ~(\\v \\ 2 + \\v(T)\\ 2 )- 



Scaling in (|2.62p by v yields 

1 

2 



L "^)|| 2 + I WD^Gvfdr = l\\v \\ 2 + [ (g,v)dT 
Jo 1 Jo 



2" • " ' J Q " l! !! " 



1,1 „2 , , , , , 

< - do + / w_i « idt. 



This yields 



MIl~(o,t,//o (t)) + / ||£>5 (GtOfdr < ^ || 2 + 3 / ||g||_i|H idt. (2.64) 



Computations similar to those in Proposition 12.71 give that 



f (f + g,cp(x)v)dr\ < CM! I (||i^(Gt;)|| 2 + \\v\\ 2 + \\g\\_ k \\v\\i)dt 

JO 2 2 

< C(T, l^lli) f|bol| 2 + / hLi\\v\\idt 
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hence 

([L,A]u,t;)rft| <C(T,\\<p\\ 1 )(\\v \\ 2 + / \\g\U\\v\\idt 



2 2 



Combined with (|2.36p - (l2,37|) . the last inequality gives 

rT 

|2 



(d x <pDv,v)dt\<C(T,\\<p\\i){\\vof + J o \\g\\_i\\v\\idtj . (2.65) 

We pick again b G Cq?(u), where w = {x G T; a(x) > 0} and xo G T. Writing again 6 2 (x) — 
6 2 (x — xq) = g'xVj w e obtain successively, with fl2.38j) and (|2.64|> . that 

T \\D\{bv)fdt < C{T)(\\vo\\ 2 + £\\g\\_i\\v\\idt 

(b 2 Dv,v)dt\ < C F (\\v\\ 2 + \\D*(bo)\\ 2 )dt 
Jo 

< C(T)(\\v f + f T \\g\U\\v\hdt 



2 2 



and therefore, with (|2,65D . 

rT 

1.2/ _ \n„. ^ nfrr\ I IL. Il2 



(6 2 (x-x )D«,i;)dt| <C(T) |hlr + / |MUH|idi . 



o 



2 2 



Using a partition of unity, this yields 

[ \\v\\\dt < C(T) [ \\v f + f \\gf_idt)+l f \\v\\\dt. 
Jo 2 V Jo 2 J 2 Jo 2 

Combined with (12TMD . this gives flltify for s = when u G flg(T) and s G C([0, T], # 2 (T)). 

This is also true for v G flg(T) and 5 G L 1 (0, T, ff^ 2 (T)) by density. 

Let us now assume that s G (0,2]. Pick again any vq G Hq(T), g G C([0, T], H 2 (T)), and 
let u G C([0,T],# 2 (T)) n C 1 ([0, T], i?° (T)) denote the solution of (12321) . Set u> = D s ?; and 
/i = L> s 5f. Note that 

D s (GDGv) = GDGw + Ew 
with E = [D S ,G]DGD- S + GD[D S ,G]D~ S . Note that ||£to|| < C\\w\\ and that iy solves 
w t + Jtwii + GDGw + -Eu> = ft, w(0) = w := D s v . 

Since 

rT 

(<pw,Ew)dt\ < C|M|i|Mli 2(0jT 

< C(T,y\\ 1 )(\\w \\ 2 + [ T \\h\U\\wh_dt) , 



2 2 



we obtain in a similar fashion as above that 



Mli~(o I T,i?o (T)) + jf H| 2 id*<C(T) (lKI| 2 + ^ Wiirft], 



2 
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i.e. 



IMll~(0, W )) + IMI* 2( o,T,i^(T)) ^ C(T) + ll5ll l 2 (0,T,^^(T)) J ' (2 - 66) 

Inequality ([236D and the fact that v G C([0, T], H^T)) are also true for v G ifg(T) and 
g G T 2 (0, T, fl£~* (T)) by density. □ 

Corollary 2.17. Let s > and £> G £(-?/q(T)). T/ien /or any vq G -ffg(T), £/ie solution v of 

v t + , Kv xx + GDGv = Bv, v(0) = v (2.67) 

fulfills v G Z Si t u>ii/i 

|Hk iT <C(a,r)||«o|| a . (2.68) 

Proof Since A is the generator of a continuous semigroup on Hq(T) and B is a bounded operator 
on Hq(T), A + B is the generator of a continuous semigroup on Hq(T) (see e.g. |35^ Thm 1.1 
p. 76]). Pick any vo G Hq(T), and let i> denote the solution of (|2.67p given by the semigroup 
generated by A + B. Noticing that g := Bv G C([0, T]; Hq (T)), we infer from Proposition 12.161 
that w G Z s< t with 

II v IIl°°(0,T,H s (T)) + W V W L 2r 0TH s+h(j)) - C ( S ' T ") (\\ V °W S + ^T\\ B \\c(H°(T))\\ v \\l°°(0,T-,H s {T))^ ■ 

Selecting To > such that c(s,To)^/To\\B\\£( H s(J)) < 1/2 yields 

\\v\\l°°(o,t ,h°(t)) + II u IIl2(o,t ,^+^(t)) - 2C ( s ' r o)lbol|s- (2.69) 
Successive applications of (|2.69p on the intervals [0, To], [To, 2Tq],... give (|2.68p for any T > 0. □ 



2.2.3. Proof of Theorem \2JM Pick any s G (±,2] and any T > 0. Let u G i? s (T). We write 
(I2.1ip in its integral form 

u(t) = S(t)u - f S{t- t){uu x )(t) dr. (2.70) 
Jo 

Let T(v)(t) = S(t)u - f*S(t - t)(vv x ){t)(It. We have, by Proposition EJU that 

,v 2 



r(v)\\z s , T <c || W o|| s + ||(-) 



2 -L 2 (0,T,_ff s_ i (T)) 
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Clearly, for u,v £ Z Sj t, 

\uv\\ 2 , i dt 



[ IKHarllLi* < C [ 
JO 2 JO * ' 2 

< C / (H«lli«cr)ll t, IIJ+i + Hl2 + iWi«»(T)) <i * 

JO 2 2 

< C^ T (||n||2||t,||2 + , +[|«n; +| rt)di 

< C (hll!oo(o,T,^(T))ll^ll' 2(0iTi ^ + i (T)) 

+ ll v lli-(0,T,^(T))lkll' 2(0iTiHS+ i (T)) 

< Clltilli \\v\\ 2 7 , 

where we used the Sobolev embedding .Hg(T) C L°°(T) for s > 1/2. Thus, there are some 
constants Cq > and Ci > such that 

\\r{v)\\ Zs$T < Co||«o|| s + Ci||^||| sT %a S)T , 
||iV)-r(w 2 )lk, T < Ca(||« 1 ||z., T + ||« 2 ||z., T )||« 1 -u 2 ||z., r wV e z 8 , T . 

Let B = {v € Z S) t] \\ v \\z s T < -R}- We choose R in such a way that B is left invariant by V and 
r contracts in B, i.e. 

ColNIU + CtR 2 < R, and 2C1.R < 1. 
It is sufficient to take R = {ACi)~ l and u G H^T) with ||it || s < p := R/(2C ). □ 

2.2.4. Proof of Theorem \2.14\ We proceed as in [34J. It has been proved that (|2.1ip is semi- 
globally exponentially stable in Hq(T). Obviously, the same analysis shows that the linearized 
BO equation with localized damping is also exponentially stable in Hq(T), i.e. 

\\S(t)u \\ < Ce- A *||n || (2.71) 

for all uq G Hq (T) and some constants C, A > 0. If u G Hq(T), then = S(t)u solves 

u t + , Ku xx + GDGu = 0, «(0) = no. (2.72) 

Letting v = u t , v solves also 

v t + 0iv xx + GDGv = 0, u(0) = w := -(JCu ,xx + GDGu )- (2-73) 

dMp yields 

= ||5(t)uo|| < C7e- At || Vo ||, 

and thus 

WHIk < C'e- Xt \\u \\ 2 . 
By interpolation, this shows that for any s G [0,2], for any uq G Hq(T) and for some constant 
C > (independent of s, Uo, and i), it holds 

\\S(t)u \\ s < Ce~ xt \\u \\ s . (2.74) 
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Let s > 1/2 and u G #o( T )- For 

u G Z s>r ([n,n + 1]) := C([n, n + 1], # S (T)) n L 2 (n, n + 1, fl£ + *(T)), 

let 

IHIn = \\u\\ L °°(n,n+l,Hs(T)) + IMIj^+^H-* (T)) " 

Finally, let 

Hulls = sup (e nA |u|ri) < +oo. 

n>0 

Introduce the space 

E = {u G C(l+,^(T))niL(K + ,<'(T)); ||u||s < oo}. 

Endowed with the norm || • ||s, E is a Banach space. We search for a solution of (|2.11|) in a closed 
ball B = {u G E; \\u\\e < -R} as a fixed point of the map T(v)(t) = S(t)uo — f Q S(t—r)(vv x )(T)dT. 
By ([5773]) . we have 

[|£(n)uo[| s < Ce- nA ||u || s Vn > 0. (2.75) 
Combined with Proposition 12.161 this gives for some constant Co > 

|||S(i)uo|||„<Coe- nA ||uo|U (2-76) 

hence 

\\S(t)u \\E < ColKIU- (2.77) 

On the other hand, for any u,v G E, 

I f S(t-T)[( U v) x (T)}dT\l n <h+I 2 
JO 

with 

rn 

h = \\S{t-n) / S(n-T)[(uvUr)]dT\\ n , 
Jo 

h = I / S{t - T)[{uv) x {r)]dr\\ n 
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By flZMD and (127761) . 

rn 

h < C\\ / S(n-T)[(uv) x (T)]dr\\ s 
Jo 

< Cj2\\S(n-k) / 5(fc-r)[M a (r)]|| a 

k=i J ^ 

< C7Ve-("- fc ) A || / 5(fc-r)[(«t;)«(r)]dr[| a 

fc=l ^fc- 1 

n 

< CYe- {n - k)x \\(uv) x \\ „ 

- llv ya;|l L 2 (fc-l,fe,_H" s -^(T)) 

fc=l 
n 

< cY J ^ n - k)x \H\k-i\\v\\ k -i 

k=l 

< Ce- nX \\u\\ E \\v\\ E . 

On the other hand 

h<C\\(uv) x \\ „ „ i < O e -2«A|| ,1 || || 

We have proved that for some constant C\ > 

1 / 5(t-r)[M x (r)]dr|| n <2C7 1 e- nA ||n|| i; || W || E , 
Jo 



hence 



Thus 



/ S(t - t)[(uv) x (t)]cIt\\e < 2Ci\\u\\ E \\v\\ E - 
Jo 



\r(v)\\ E < CoWuolU + dWvnE, 



2 

1 „.2| 



Hr^ 1 ) -r(^ 2 )|b < c 1 (\\v 1 \\e + \\v 2 \\e)\\v--v-\\ e . 

It follows that r contracts in the ball B = {u 6 E; \\u\\ E < R} if 

2dR < 1, and C ||n || fl + C X R 2 < R. (2.78) 

Let R = 7/5 (7 and p being determined later), and assume that H^olls < P- The conditions 
become 

2Ci 7/ o < 1, and C + C^ 2 p < 7. (2.79) 
Pick 7 = 2Co and p > sufficiently small so that (12.790 holds. Then T contracts in B. Replacing 
p by ||wq[| s , we see that the fixed point u = T(u) satisfies 

IMU°°(n,n+l,H a (T)) < e~ nA ||u||£ < e~ nX j\\u || s . 

It follows that 

IK*)II* < Ce~ A *||ii [U Vt>0 
for some constant C > 0, provided that ||uo||s < P- d 
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3. Control of the Benjamin-Ono equation 



Let again a and G be as in (|2.10j) and (I2.12h . respectively. We now focus on the control properties 
of the full BO equation. More precisely, we aim to prove the exact controllability of the system 

ut + "ytuxx + uu x = Gh, u(0) = uq, (3.80) 

where h is the control input. If the exact controllability of the linearized system is well known 
(cf. Theorem A), the exact controllability of (|3.80p is challenging, as the contraction mapping 
theorem cannot be applied directly to BO. To overcome that difficulty, we incorporate the 
feedback / = —DGu into the control input h to obtain a strong enough smoothing effect to 
apply the contraction principle. Setting 

h(t) = -DGu(t) + Dh(t), (3.81) 

we are thus led to investigate the controllability of the system 

u t + 'Ku xx + GDGu + uu x = GD^k, u(0) = u . (3.82) 

We shall derive the following local exact controllability result. 

Theorem 3.1. Let s G (^,2] and T > 0. Then there exists 5 > such that for any uq,u\ G 
flg(T) with 

\\uo\\ s < <5, INHs < (3.83) 
one may find a control k G L 2 (0, T, Hq(T)) such that the system (|3.82p admits a (unique) solution 
u in the class Z s ^t for which u(T) = u\. 

The proof of Theorem 13.11 is done in three steps. In the first step, we prove the exact 
controllability of the linearized system 

u t + Viu xx + GDGu = GDh, u(0) = u , (3.84) 

in Lq(T). In the second step, we prove the exact controllability of (|3.84|) in Hq(T) for all 
s > by following the same approach as in [41]. Finally, in the third part we derive the exact 
controllability of the full BO equation by using the contraction mapping theorem as e.g. in 
\36\ [38l UT] . Note that Theorem 11.31 follows at once from Theorem 13.11 by letting 

h = -DGu + Dh G L 2 {0,T,H°~^(T)). 

Proof of Theorem \3.1\ 

StepI. Exact controllability of ([3.84p in H$(T). 

First, the solution of (I3T82D belongs to Z SjT for u G H^(T) and k G L 2 (0, T, Hq(T)), according 
to Proposition 12.161 The adjoint system reads 

-v t - "Kv xx + GDGv = 0, v(T) = v T . (3.85) 

Scaling in (|3.84|) by v yields 

f uvdx\ T Q = [ [ kD^(Gv)dxdt. (3.86) 
Jt Jo Jt 
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5 

The computations are fully justified when Uq,vt G Hq(T) and k G L 2 (0, T, ff 2 (T)), and next 
extended to the case when u ,v T G H$(T) and fc G L 2 (0,T, H$(T)) by density. Following the 
classical duality approach, we are led to prove the following observability inequality 

IM| 2 <c/ / ' \D%{Gv)\ 2 dxdt. (3.87) 
Jo Jt 

Once (|3.87p is proved, the exact controllability of (|3.84[) follows by noticing that the operator 
T G L(Hq(T)) defined by T(vt) = u(T), where u denotes the solution of (|3.84[) associated with 

uq = and k = D^^Gv) and v denotes the solution of (13.851) . is onto by (j3.87p and Lax-Milgram 
theorem. 

Let us prove (I3.87P by contradiction. If (|3.87j) is not true, then one can pick a sequence (vlj) 
in Hg(T) such that 

1 = ||t,«|| 2 > n [ [ \D^(Gv n )\ 2 dxdt, (3.88) 
Jo Jt 

where v n denotes the solution of (13.85P issued from vt = v T . 

Multiplying each term in (|3.85|) by tv n and integrating by parts results in 



T 



v T \\ 2 = \ [ T [ \v n \ 2 dxdt+ f T f t\D^(Gv r 
2 Jo Jt Jo Jt 



)\ 2 dxdt. (3.89) 



Computations similar to those in the proof of Proposition 12.161 (changing t into r := T — t) 
give 

IKII „ K „ < C||«?||- (3.90) 

Thus, by (|3T85l) and (^90|) . (v n ) is bounded in L 2 (0, T, H$ (T)) n H l (Q, T, H~% (T)). By Aubin- 
Lions' lemma, a subsequence of (v n ), still denoted by (v n ), has a strong limit (say v) in 
L 2 (0,T, £$(¥)). It follows from (ET88]) and (jHjjSP that is a Cauchy sequence in Hq(T), 
hence it has a strong limit (say vt) in Hq(T), with \\vt\\ = 1. By standard semigroup theory, 
t> n converges in C([0, T], .f/g (T)) to the solution of (|3.85|) associated with v?, which therefore 

agrees with v. By fl3.88[> . D^(Gv) = 0, hence Gv = 0. We conclude that v satisfies 

v t + "Kv xx = 0, 
Gv = 0. 

It follows from Proposition 12.81 that v = 0. In particular = V (T) = 0, a property which 
contradicts the fact that \\vt\\ = 1. The proof of (|3.87p is achieved. 

Step 2. Exact controllability of (|3.84p in -ffo(T). 

Picking any number s > 0, we aim to prove the exact controllability of (|3.84[) in Hq(T). Notice 
first that the system (|3.85p is (backward) well-posed in ffQ~ s (T), since the conclusion of Lemma 
112. 151 is still valid when "Kuxx is replaced by —"Ku xx in (|2.61|) . Thus, the following estimate holds 

\\ v \\l^(o,t,h- s {t)) < C|br||-s- 
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On the other hand, setting w = (1 — d 2 ) ay, we see that u; solves 

-u> t - IKu^ + GDGw = (1 - - d 2 x )i,GDG]w =: Bw 

w(T) = (1 - 8%)-?vt =■ w T . 

Note that B G £>(Hq (T)) for all a G R (see e.g. |21j). Using computations similar to those to 
prove Corollary 12.171 we see that 



and hence 



IMI „ i, „ < c \\ w t\\, (3-91) 

IMI ,, .4.1, „ < C\\Vt\\-S- (3-92) 

Assuming again that uo = 0, we first note that (|3.86p may be written 

(v T ,u(T))- s , s = [ (Dh(Gv),k)„ s>s dt, 
Jo 

where (-,-)_ SjS denotes the duality pairing {•,•) h~ s (t) h s (T)- We a ™ *° P rove the observability 
inequality 

\\vt\\-s < C f \\ Gv \\ 2 ^ +l dt - (3-93) 



Once (|3.93p is proved, the exact controllability of (|3.84p in Hq(T) follows easily. Indeed, if 
T_ s G L(H S (T)) is defined by T- s (v T ) = (1 - d 2 ) s u(T) where u solves (l3T84jl with fc = 
(1 — d x )~ s D2(Gv) and i? still denotes the solution of (|3.85p . then 

(v T ,T_ s (v T ))„ s = £ \\D* (Gv)\\i s dt > C £ \\Gvf_ s+1 _dt > C\\v T f_ s , 

so that T_ s : H Q S (T) -> H Q S (T) is onto. The same is true for the map v T G H Q S (T) -»■ u(T) G 
/7q(T). To prove (13.93j) . we establish first a weaker estimate 

< C \\Gvf_ s+1 _dt + \\v T \\ 2 _ s A • (3.94) 

We argue again by contradiction. If (|3.94p is false, then there is a sequence (uj.) in _£f^ s (T) such 
that 

1 = \\v%\\ 2 _ s >n( f \\Gv n \\ 2 _ , k dt + ||^|| 2 A . (3.95) 



It follows that 

^0 inflo"*~^(T), (3.96) 

t; n ^0 inC([0 J 2 Y ],flo'*~^(T)). (3.97) 

Let w n = (1 — d 2 )~^v n . Then u; n solves 

-< - Kw% x + GDGV 1 = (1 - a^)-f [(1 - 8g)f ,GDG]u; n = Bw", 
w n (T) = (1 - ^)-fuJ =: 
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Then \\w^\\ = 1, w% -»• in H~*(Y), and 

w n ^0 in C([Q,T\,Hq*(J)) (3.98) 

/ HGu;™!! 2 !^ -»• 0. (3.99) 
Jo 2 

For (|3.99p . we notice that 



/ \\Gw n \\\dt = / ||G(l-d*)-V|| 2 idt 
Jo 2 Jo 2 

< I \\Gv n \\ 2 _ .idt+ [ \\[G,{l-dl)-^)v n \\\dt. (3.100) 
Jo 8+2 Jo 2 

The first term in the right hand side of (|3. lOQj) tends to by (|3.95|) . For the second one, we 
have that 

T \\[G,{l-dl)-i]v n \\\dt <C [ T \\v n \\ 2 ,dt<C\\v n \\ 2 i -)• 0, 

by (H2ZD. 

From (|3.9ip . we infer that 

IKII o, i, » < CIKII- (3.101) 

Arguing as in Step 1 and using (|3.10ip . we can derive the following observability inequality 

\\wt\\ 2 <c( [ T [ \D^{Gw n )\ 2 dxdt+\\Bw n \\ 2 

~ \Joh "l 2 (o,t,h-?(t)) 

Combined with (13.98H and (j3.99|) . this yields Wj, — > in H® (T), contradicting the fact that 
||u^|| = 1 for all n. The proof of (13.94H is complete. Finally, we prove (I3.93P by contradiction. 
If (I3.93P is false, then there is a sequence {vj) in Hq S (T) such that 

l = \\vZ\\ 2 >n[ \\Gv n \\ 2 _ Ml dt. (3.102) 
Jo 3+2 

Extracting a subsequence still denoted by (v^), we can assume that (uj,) is strongly convergent 

in //q 2 (T) by compactness of the embedding H S (T) C H 2 (T). Using (|3.102|) . we infer 
from (|3.94p that (v^) is also strongly convergent in Hq S (T). Its limit vt satisfies ||«r||_ a = 1, 
and the solution v of (|3.85p satisfies Gv = by (|3.102j) . Thus for a.e. t G (0, T) 

v X xx(.-,t) = Wv xxx (-,t) = on w. 



We conclude with Lemma 12.91 that v = 0, hence i»t = 0, which contradicts ||«r||_ s = 1. The 
proof of (13.931) is achieved. 

Step 3. Fixed-point argument in Hq(T). 

We proceed as in [36] . Pick any s £ (|,2] and any T > 0. We still denote by (S(t)) t > the 
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semigroup introduced in Lemma f2 . 1 5 1 and by Z s> t the space introduced in (|2.58p . For v G Z Sj t, 
we set 

uj( v ) = [ S(T -t)(vv x )(t)dt. 
Jo 

From Step 2 we know that the linearized system, namely (|3.84p . with initial data uq G Hq(T) 
and control function k G L 2 (0,T, Hq(T)) is well-posed and exactly controllable in Hq(T). By 
a classical functional analysis argument (see e.g. [8J Lemma 2.48 p. 58]), one can construct a 
continuous operator A : Hq(T) — > L 2 (0,T, Hq(T)) such that for any u\ G Hq(T) the solution 
u of (I3.84p associated with no = and k = A(ui) satisfies u(T) = u\. Let us denote by 
u = W(k) the corresponding trajectory. We know from Proposition 12.161 that W is continuous 
from L 2 (0,T,H^(T)) into Z S>T . Let u ,Ui G flg(T) be given with 

Iholl^(T) < S, \\ui\\hb(t) < S, 
where 5 > will be chosen later. Let v £ Z S) t- If we choose k = A(ui — S(T)uq + w(u )), then 



«o if t = 0; 



Ui if t = T. 



S(t)u - / S(t-r)(vv x )(T)dT + W(k)(t) = 
Jo 

It suggests to consider the nonlinear map v —> T(v), where 

r(v)(t) = S(t)u -I S{t- r){vv x ){r)dT + W(A( Ul - S(T)u + u(v)))(t). 



The proof will be complete if we can show that this map has a fixed point in the space Z s< t- 
Using the estimates in the proof of Theorem 12.131 we see that 

\Hv)\\ s < C\\ f ' S{t-r){vv x ){T)dT\\z a , T < C\\vf- 



J 

and that there are some constants Co > and C\ > such that 

||r(u)||z SiT < Co(||uo|| s + \\ui\\s) + Ci\\v\\z S)T G Z S>T , 

||r(^)-r( v 2 )|U a , T < c 1 (||« 1 ||z., T + ||« 2 ||z., T )||« 1 -« 2 lk, :r Vv\v 2 €Z atT . 

Let B = {v G Z s ^t'i \\v\\z s T — We choose the radius R in such a way that the ball B is left 
invariant by V and T contracts in B, i.e. 

CodNHs + hills) + CiR 2 < R, and 2C X R < 1. 
It is sufficient to take R = (4Ci) _1 and 5 := R/(ACq). The proof of Theorem 13. II is complete. □ 
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